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Abstract. A hydrodynamic model based on transport equations and semi-empirical multi-
phase equations-of-state for metals is developed and applied to simulation of short pulse laser 
melting and resolidification.  New computational algorithms are developed for modeling of 
two-phase zones of solid-liquid and liquid-gas coexistence, as well as for explicit tracking of 
interfaces between the phases.  The model accounts for both heterogeneous and homogeneous 
melting mechanisms.  A series of simulations are performed for bulk aluminum irradiated by a 
picosecond laser pulse at a wide range of laser fluence.  The effect of non-equilibrium 
conditions and homogeneous melting on the melting/resolidification times and the maximum 
depth of melting is investigated.  Three distinct stages are identified in the 
melting/resolidification process, namely, the fast homogeneous melting of the overheated 
surface region, a slower increase of the melting depth due to the advancement of the sharp 
melting front formed at the end of the homogeneous melting, and the reverse propagation of 
the liquid-crystal interface in recrystallization.  Computational results are in a good qualitative 
agreement with the results of recent molecular dynamics simulations of laser melting. 

1. Introduction
Recent advances in short pulse laser fabrication of micro- and nano-structures with resolution 
exceeding the optical diffraction limit [1,2,3] call for a better understanding of the processes 
responsible for surface modification.  Most of the methods of sort pulse laser processing involve fast 
melting, active micro-scale flow of the molten material, and subsequent resolidification of the surface 
region.  Although melting is a common and well studied phenomenon, the understanding of melting 
occurring under highly non-equilibrium conditions induced by fast laser energy deposition is far from 
being complete.  Atomistic molecular dynamics (MD) simulations provide a unique opportunity to 
directly investigate the microscopic mechanisms and kinetics of the melting process under conditions 
of strong overheating [4] and transient thermoelastic deformations [5].  Due to the limited time- and 
length-scales accessible to the MD method, however, direct atomistic simulations of the complete 
sequence of melting – liquid flow – resolidification are not practical for real experimental conditions. 

Continuum methods based on the integration of a system of partial differential equations are not 
suffering from the severe time- and length-scale limitations characteristic for atomistic models.  The 
main challenge in application of continuum models to short-pulse laser processing is related to the 
necessity to develop phenomenological models and numerical implementations for the description of 
non-equilibrium processes.  In particular, it has been demonstrated in MD simulations that short pulse 
laser melting involves both heterogeneous (propagation of the melting front) and homogeneous 
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(nucleation and growth of liquid regions inside the overheated crystal) mechanisms [5,6].  Therefore, 
an adequate continuum model for simulations of short pulse laser interactions with materials should 
account for both mechanisms of melting and the presence of two-phase regions of liquid-crystal 
coexistence.  In most continuum models that have been applied to the simulation of laser melting so 
far, however, the coexistence of phases is not allowed and the description of the melting process is 
limited to the melting front propagation [7,8,9]. 

In this paper we present a new hydrodynamic multi-phase computational model which accounts for 
both heterogeneous and homogeneous phase transformations.  The model is applied to the simulation 
of short pulse laser melting of a bulk aluminum target and the implications of the homogeneous 
melting mechanism for the kinetics of melting and the maximum melting depth are discussed. 

2. Computational model 
In this section we briefly describe a multi-phase computational model designed for simulations of 
short pulse laser interactions with metal targets.  In the description given below we consider a bulk 
metal target with initial temperature T0 and pressure p0=0.  X-axis is directed normal to the irradiated 
surface and the laser spot size is assumed to be much larger than the depth affected by the laser 
heating, allowing for a one-dimensional formulation of the problem.  The laser energy absorption by 
the conduction band electrons and subsequent energy transfer to the lattice due to the electron-phonon 
coupling are described within the framework of the two-temperature model [10].  In order to take into 
account the homogeneous melting mechanism we assume that solid and liquid phases can coexist in an 
infinitesimal volume of material, with temperatures of both phases being equal (phases are in the local 
thermal equilibrium with each other).  The difference in the velocities of the coexisting phases is 
assumed to be negligible.  Then the motion, heat transfer and phase transformations can be described 
by the following set of one-dimensional multi-phase equations [11]: 
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Here subscripts 1 and 2 denote parameters and variables of solid and liquid phases, i and i are the 
volume fraction and the density of phase i, v is the velocity in x direction, pi=pi( i,Ta) is the pressure of 
phase i.  The internal specific energy of phase i is a function of the density of the corresponding phase 
and the temperature, Ta, common for both phases, ai= ai( i,Ta).  The internal specific energy of 
electrons is a function of the electron temperature Te, e= Te

2/2.  Variable ai=(4/3) ai v/ x is the 
viscous stress, qai= ai Ta/ x and qei= ei(Te/Ta) Te/ x are the heat fluxes in the lattice and electron 
subsystems.  Term Qlp=IL(t)exp( (x x0(t))/ )/  describes the absorption of laser irradiation by the 
electrons, where  is the optical penetration depth, x0(t) is the coordinate of the surface at time t, and 
intensity IL(t) has a Gaussian temporal profile defined by the absorbed laser fluence FL and pulse 
duration L (full width at half maximum).  Term Qea=G(Te Ta) describes the electron-phonon coupling.  
Terms Jrel1 and Jv1 describe the changes in the volume fraction of the solid phase due to the relaxation 
of the pressure difference between the phases in the coexistence region and due to phase 
transformation, respectively.  Term Jmi is the mass source for phase i associated with the phase 
transformation (Jm1= Jm2= 1Jv1).  In order to obtain Jrel1, we assume that the pressure relaxation in a 
two-phase region is fast and the pressure values in the coexisting phases are equal at all times.  Then 
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the condition p1( 1,Ta)= p2( 2,Ta) can be used for implicit calculation of Jrel1. 
Equations of state (EOS) pi=pi( i,Ta), ai= ai( i,Ta) and the equilibrium melting temperature Tm(p) 

are defined by a semi-empirical equation of state described in Ref. [12].  We neglect the electron 
contribution to the Helmholtz free energy in this EOS since non-equilibrium electron contribution is 
already accounted for by Eq. (4). 

The term describing the phase transformation can be represented in the form Jv1=Vm(Tf,pf) (x-
xf(t))+Jh(Tf,pf), where the first and the second terms account for the heterogeneous and homogeneous 
melting, respectively, xf(t) is the current coordinate of the melting/solidification front, Vm is the 
velocity of the front with respect to the solid phase, (x) is the Dirac delta function, Tf and pf are the 
temperature and pressure at the front.  Heterogeneous melting takes place when the overheating = 
Tf/Tm(pf) 1 is less than some critical value h.  In this case the temperature dependence of the melting 
front velocity, Vm, can be described by the phenomenological theory [13] and, for small deviations 
from the equilibrium melting temperature, can be approximated by a linear relationship 
Vm(Tf,pf)= mTm(pf)  where m is the kinetic coefficient. 

If overheating  is higher than h, the homogeneous melting starts and liquid regions can nucleate 
and grow in the bulk of the crystal phase.  For modeling of the homogeneous melting process we 
propose a simple model which is in agreement with the results of MD simulations of laser melting [5]: 
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where h is the characteristic time of homogeneous melting.  The case of > h corresponds to the fast 
homogeneous nucleation and growth of liquid regions, the case of | |< h corresponds to the slower 
melting or resolidification of already existing liquid regions with the rate proportional to  as in the 
case of heterogeneous melting.  Parameter h0 can be estimated from the rate of homogeneous melting 
at the critical overheating h. Parameter h must be sufficiently large in order to account for the fast 
increase of the rate of homogeneous melting with increase of , as observed in MD simulations [5,6]. 

Equations (1)-(4) are suitable for modeling of phase transformations if the width of the two-phase 
region is sufficiently large.  If this region is thin, it can be replaced by a sharp front separating pure 
liquid ( 2=1) and solid ( 1=1) regions.  The conditions at the front can be found from equations (1)-
(4) in the same way as the Rankine-Hugoniot conditions for the shock wave: 
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where Df is the front velocity, Jm= 1Vm(Tf,pf) is the mass flux across the front, hai= ai+pi/ i.  Density, 
velocity and pressure are assumed to be discontinuous at the front.  Assuming that free surface is non-
evaporating and adiabatic, we have there: pi=0, qai=0, qei=0, and vi=D0, where D0 is the velocity of the 
free surface. 

Equations (1)-(4) are solved numerically, using the modified MacCormack scheme [14] 
supplemented by an iterative procedure for calculation of Jrel1.  In order to track the free surface and 
the melting/resolidification front, a new characteristic-based front tracking method is developed. 

3. Results and discussion 
The first test simulations with the multi-phase model described above are performed for aluminum 
target irradiated by short, from 1 to 300 ps, laser pulses at absorbed laser fluences ranging from 30 to 
150 mJ/cm2.  The initial system has a temperature T0 of 300 K and a density 0 of 2711 kg/m3 [12].  
Other parameters of the system are as follows: 0 =92 J/(m3 K), e1=238 J/(K m s), G=4.9 1017 
J/(kg s K) [15], e2=91 J/(K m s) [16], a1= a2=1 J/(K m s), a1=0, a2=0.001 Pa s [17], =15 nm, 
and h=0.2 [4].  Calculations based on a phenomenological model for the mobility of liquid-solid 
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interface [13] and EOS [12] yield m=0.67 m/(s K).  Constants in Eq. (5) are taken to be h0=9 ps and 
h=

e 
wi

fer to the latent 
hea

4. 
Spatial distributions of some of the hydrodynamic variables obtained in a simulation performed for 

FL=90 mJ/cm2 and L=1 ps are shown in Fig. 1.  Profiles of the volume fraction of the liquid phase, 
Fig. 1a, indicate that the size of the region of homogeneous melting increases rapidly during the first 
4.5 ps of the simulation.  At later time the liquid-crystal coexistence region becomes smaller and 
completely disappears by about 50 ps.  The distributions of the mixture density = 1 1+ 2 2 (Fig. 1b) 
is smooth inside the two-phase region and on its boundaries.  The difference in densities of solid and 
liquid phases in this region corresponds to the state when these phases are at the same pressure and 
temperature.  The distribution of density becomes discontinuous at the melting front that appears only 
after the coexistence region collapses into a sharp interface and the melting/resolidification process 
continues by the heterogeneous mechanism (e.g. see a density plot for t=720 ps).  During the initial 
stage of the melting process (t 36 ps) the minimum density is realized at some depth inside the liquid 
layer that approximately corresponds to the maximum negative pressure, Fig. 1c.  A large local 
expansion of the melted region, up to 35% with respect to the initial specific volume, takes place 
during the initial stage of the relaxation of the laser-induced pressure (e.g. see a density plot for t=18 
ps). After the transient pressure relaxation is completed, the density follows the EOS for zero pressur

th the lowest density observed at the surface of the target, e.g. see plots for t=720 ps in Figs. 1b-d. 
Distributions of the lattice temperature Ta are not monotonic but the maximum temperature is 

always realized at the free surface of the target, Fig. 1d.  Local minima in the temperature plots 
correspond to the beginning of the coexistence region where the rate of the energy trans

t of melting is the maximum (compare corresponding curves in Fig. 1a, 1b and 1d). 
An increase in the laser fluence at a fixed pulse duration results in an increase in the amplitude of 

the negative (tensile) component of the pressure wave and a larger transient expansion the melted 
region.  The increase in the negative pressure combined with the higher temperature of the surface 
region can lead to the conditions when the tensile stresses exceed the theoretical strength of the 
material at a given temperature, which can be found from the EOS [18]. These conditions correspond 
to the onset of the front spallation, when the surface region of the target disintegrates into two or 
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Figure 1.  Distributions of liquid volume fraction (a), density (b), pressure (c) and temperature (d) in 
the bulk aluminum irradiated with a 1 ps laser pulse at an absorbed fluence of 90 mJ/cm2. 
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several layers [19].  Experimental observations reported in Ref. [18] suggest that at the high 
deformation rates induced by picosecond laser pulses, the spallation takes place at tensile stresses 
approaching the theoretical strength of the material (for longer pulses the deformation rates associated 
with the propagation of the pressure wave are lower and the spallation stress may be much smaller 
than the theoretical strength due to a sufficient time for the sub-critical void nucleation and growth).  
The conditions for the front spallation are not achieved in the simulation performed at a fluence of 90 
mJ/cm2 and discussed above.  We find, however, that in a simulation performed at a fluence of 150 
mJ/cm2 and the same pulse duration of 1 ps the spallation already takes place.  In agreement with the 
results of earlier MD simulations [19], the conditions for the laser front spallation are always satisfied 
ins

fluences and it can not be neglected except for the conditions very close 
to 

 in a good qualitative agreement with recent results 
of MD simulations obtained for Ni targets [6,19]. 

ide the melted region of the target. 
The maximum width Lh of the two-phase region (where the homogeneous melting takes place) 

decreases with increasing pulse duration at a constant fluence, Fig. 2.  This decrease can be explained 
by a slower lattice heating and, as a result, smaller region where the critical overheating, h, is 
exceeded.  The value of Lh decreases rapidly as L increases from 1 to 10 ps.  With longer pulses and 
fluences exceeding 60 mJ/cm2, the overheating of the surface region is largely controlled by the rates 
of the electronic heat conduction and the electron/phonon coupling, and the maximum width of the 
coexistence region is slowly decreasing with increasing pulse duration.  For FL=30 mJ/cm2 the value 
of Lh drops rapidly at L>100 ps and becomes zero at L 200 ps.  The irradiation conditions of FL=30 
mJ/cm2 and L=200 ps are below the threshold for surface melting of the aluminum target.  Similar 
drops at longer pulse durations are observed for Lh( L) dependences shown in Fig. 2 for fluences of 60 
and 90 mJ/cm2.  These results suggest that the two-phase region has a considerable size in a wide 
range of pulse durations and 

the threshold for melting. 
Time evolution of the mass averaged melting depth, Lm= 2 2/ 0dx, is show for three different 

fluences in Fig. 3.  Three distinct stages can be clearly identified in the melting/resolidification 
process.  The process always starts from the fast homogeneous melting that lasts about 30-50 ps and 
accounts for a major fraction of the total melting at all fluences considered in this work.  At low laser 
fluences, e.g. 30 mJ/cm2 in Fig. 3, the fast homogeneous melting is immediately followed by 
resolidification.  At higher fluences we observe an additional slower increase of the melting depth due 
to the advancement of the sharp liquid-crystal interface formed at the end of the homogeneous 
melting.  At high laser fluences the duration of this heterogeneous stage of melting can be as long as 
nanoseconds.  The long duration of heterogeneous melting can be explained by relatively weak 
temperature gradients observed late in the melting process, with temperature exceeding the 
equilibrium melting temperature Tm in a large surface region of the target (e.g. compare Tm=933 K at 
p=0 with the temperature distribution at 720 ps in Fig. 1d).  The heterogeneous melting is followed by 
recrystallization that is always the longest stage of the melting-resolidification cycle.  This picture of 
two-stage melting followed by recrystallization is
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Figure 3. Melting depth Lm versus time obtained 
in simulations performed at laser fluences of 30

Figure 2.  Maximum width Lh of the liquid-
crystal coexistence region for laser pulse
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various fluences FL and pulse durations L. 60, and 90 mJ/cm2 and a pulse duration of 1 ps. 

 
comparison of the predictions of the continuum and MD models for the same material system and 

tinuum model to multidimensional phenomena are subjects of our current work. 
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4.  Summary 
Hydrodynamic multi-phase model accounting for both heterogeneous and homogeneous melting 
mechanisms in short-pulse laser processing of metals is developed. The model includes new 
computational algorithms for the description of solid-liquid coexistence regions and an explicit 
tracking of interfaces between the phases.  First application of the model for simulation of short pulse 
laser interactions with a bulk aluminum target demonstrate the profound effect the homogeneous 
melting mechanism has on the maximum melting depth and the time-scale of the melting process.  The 
results obtained with the developed continuum model are found to be in a good qualitative agreement 
with the results of recent molecular dynamics simulations of laser melting of Ni targets.  Quantitative

application of the con
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