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T
he network materials composed of
carbon nanotubes (CNTs) are attract-
ing an increasing attention due to

the diverse range of their potential applica-

tions, from making flexible/stretchable elec-

tronic and acoustic devices1,2 to fabrication

of nanocomposite materials with improved

fire retardancy3 and mechanical

properties.4,5 In these materials, commonly

referred to as CNT films, mats, or buckypa-

per, the van der Waals interactions among

nanotubes result in their agglomeration

into close-packed bundles6,7 which, in turn,

form continuous entangled network

structures.4,5,7�11 The microscopy images

taken from the CNT films produced by dif-

ferent methods are surprisingly similar in

their visual appearance, suggesting the

presence of mechanisms that stabilize the

network structures and limit coarsening of

the CNT bundles. Indeed, while quantitative

structural parameters of CNT films and mats

exhibit some dependence on the material

synthesis procedures, the bundle diameters

in CNT materials synthesized by different

methods are typically limited to several tens

of nanometers,4�6,11 with corresponding

numbers of individual CNTs in a bundle

ranging from several to a few hundred of

CNTs.6 In the absence of chemical cross-

links between the CNTs, the tensile strength

of the CNT films is relatively low, typically

in the range from 5 to 30 MPa.9�12 Never-

theless, the CNT materials exhibit sufficient

mechanical stability to be handled in the

form of free-standing thin films.1,2,4,5,8,11,12

Despite the growing number of practi-

cal applications and experimental investiga-

tions, the theoretical/computational stud-

ies of CNT materials have been scarce. The

complex mesoscopic structural organiza-

tion of the continuous networks of bundles

hampers application of well-established
atomistic or continuum models. As a result,
the computational efforts in this area have
been limited to application of simplified
models based on consideration of random
contacts in a system of fibers representing
bundles of nanotubes10,13,14 or analysis of
CNT arrangements in bundles or forests of
vertically aligned nanotubes.15�18 Recent
development of a mesoscopic model ca-
pable of a computationally efficient dy-
namic simulation of systems consisting of a
large number of interacting nanotubes19,20

enabled first simulations of self-
organization of nanotubes into random net-
works of bundles20,21 and opened a new op-
portunity for a more realistic computa-
tional treatment of CNT materials.22 In this
paper we report the results of a computa-
tional investigation of the factors respon-
sible for self-organization of CNTs into me-
chanically stabile and reproducible network
structures characteristic of CNT films and
mats. Along with the length of CNTs, the
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ABSTRACT In films, mats, buckypaper, and other materials composed of carbon nanotubes (CNTs), individual

CNTs are bound together by van der Waals forces and form entangled networks of bundles. Mesoscopic dynamic

simulations reproduce the spontaneous self-assembly of CNTs into continuous networks of bundles and reveal that

the bending buckling and the length of CNTs are the two main factors responsible for the stability of the network

structures formed by defect-free CNTs. Bending buckling of CNTs reduces the bending energy of interconnections

between bundles and stabilizes the interconnections by creating effective barriers for CNT sliding. The length of

the nanotubes is affecting the ability of van der Waals forces of intertube interactions to counterbalance the

internal straightening forces acting on curved nanotubes present in the continuous networks. The critical length

for the formation of stable network structures is found to be �120 nm for (10,10) single-walled CNTs. In the

simulations where the bending buckling is artificially switched off, the network structures are found to be unstable

against disintegration into individual bundles even for micrometer-long CNTs.

KEYWORDS: carbon nanotube materials · buckypaper · mesoscopic simulations ·
bending buckling · stability of network materials
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bending buckling of individual nanotubes forming in-
terconnections between bundles is found to play a criti-
cal role in stabilization of well-connected networks of
curved CNT bundles.

RESULTS AND DISCUSSION
Using the mesoscopic force field briefly described

in the Computational Method Section, we perform
a series of dynamic simulations aimed at the investi-
gation of the factors affecting the structural stabil-
ity of the network structures characteristic of CNT
films and mats. The simulations are performed for
films consisting of (10,10) single-walled CNTs, with
a film thickness ranging from 20 to 200 nm and a
density ranging from 0.05 to 0.4 g cm�3. All nano-
tubes in a given film have the same length LT, and
systems with a LT from 20 nm to 1 �m are studied.
The equilibrium length of segments in the mesos-
copic representation of CNTs is chosen to be 2 nm,
more than an order of magnitude smaller than the
critical radius of curvature for the onset of nanotube
bending buckling, Rcr. The range of the film thick-
ness and density as well as the values of LT consid-
ered in the simulations are typical for thin CNT films
produced in experiments.1,2,7 The initial samples
used in the simulations are generated by stacking

thin layers of straight nanotubes with a distance be-
tween the layers chosen to ensure interlayer interac-
tion.23 The periodic boundary conditions are ap-
plied in the directions parallel to the film surfaces
(along the x- and y-axes). The film density is main-
tained constant by two planes enclosing the film
from the two sides in the z direction and interact-
ing with CNTs by a short-range repulsive potential,
UE in eq 1.

The dynamic simulations consist of two distinct
stages. At the first stage, lasting 1 ns, each system
of interacting CNTs is allowed to evolve freely, with
forces acting on CNTs defined by the mesoscopic
force field given by eq 1. The van der Waals interac-
tions between nanotubes steer the evolution of the
systems in the direction of fast self-assembly of the
CNTs into bundles.20,21,23 In systems consisting of suf-
ficiently long CNTs (LT � 60 nm), the bundles form
a continuous network spanning the entire film,
whereas shorter nanotubes (LT � 60 nm) self-
organize into separate bundles. For the longer CNTs,
the structures of continuous networks of CNT
bundles produced at the first stage of the simula-
tions are similar to the structures observed in the ex-
perimental images of CNT materials.4�11 In particu-
lar, in a good agreement with experimental

Figure 1. Evolution of the structure of nanotube networks in the course of simulations performed at a temperature of 300 K
for a 20 nm film composed of (10,10) CNTs. The number of CNTs in the computational system is 1543, the length of each
CNT is 200 nm, and the density of the film is 0.2 g cm�3. Bending buckling is accounted for in the simulation shown in
(a) and is not taken into account in the simulation shown in (b). The initial structure at the beginning of the simulations (at
1 ns) is identical in both simulations. Different nanotubes are colored by different (random) color in the snapshots.

A
RT

IC
LE

VOL. 4 ▪ NO. 10 ▪ VOLKOV AND ZHIGILEI www.acsnano.org6188



measurements,5,6,11 the diameters of the majority of
CNT bundles in the simulated network structures
range from 1 to 30 nm, with a few thicker bundles
present in some of the networks. The networks con-
tain multiple interconnections between bundles
formed by CNTs that belong to two or more bundles
simultaneously. Such interconnections can also be
identified in experimental images of ultrathin CNT
films, e.g., ref 24.

Note that the spontaneous self-assembly of CNTs
into bundles is only possible with a realistic descrip-
tion of van der Waals intertube interactions provided
by the tubular potential.20,21 A recent simulation of large
groups of interacting CNTs, represented by a bead-and-
spring model,25 failed to reproduce the formation of
the continuous networks of bundles observed in experi-
ments. Although the same method of deposition of lay-
ers of CNTs, suggested in ref 23 and used in the present
work, is adopted in the mesoscopic simulations re-
ported in ref 25, the interactions between the beads in
the coarse-grained model introduce large artificial bar-
riers for long-range rearrangements of CNTs required
for self-assembly of CNTs into continuous networks of
bundles. As a result, the structures obtained with the
bead-and-spring model are closer to the layered sys-
tems of randomly oriented individual CNTs that, experi-
mentally, can be produced by a layer-by-layer assem-
bly of chemically functionalized and charged
nanotubes26 or by other methods where modification
of CNTs counteracts the intertube van der Waals inter-
actions and prevents self-organization of CNTs into
bundles.

The structural stability of the networks of CNT
bundles produced at the first constant-energy stage
of the simulations is investigated at the second
stage, when the simulations are continued for addi-
tional 9�15 ns under conditions of constant temper-
ature, maintained at 300 K by scaling the velocities
of the nodes representing CNTs in the mesoscopic
model (see the Computational Method Section) ac-
cording to the Berendsen thermostat method.27 The
temperature T is defined as T � 2Q/3NkB, where Q is
the kinetic energy associated with the 3N dynamic
degrees of freedom of the model, N is the total num-
ber of CNT nodes, and kB is the Boltzmann con-
stant. The equilibrium between the low-frequency
vibrational modes associated with the dynamic de-
grees of freedom and the high-frequency atomic vi-
brations that are not explicitly represented in the
mesoscopic model is assumed in the thermostat
simulations.

The evolution of the network structure gener-
ated in a film composed of CNTs with a length of
200 nm is illustrated in Figure 1a. The “skeleton” of
thick bundles generated by the end of the first nano-
second of the constant-energy simulation remains
largely unchanged during the constant-temperature

stage of the simulation, with structural changes tak-

ing the form of gradual coarsening of the bundles.

The coarsening proceeds by thin bundles and re-

maining individual nanotubes joining the thicker

bundles. Within the thick bundles, the nanotubes re-

arrange to increase the degree of close-packed hex-

agonal ordering20 that corresponds to the minimum

of the potential energy of the intertube interaction

and has been observed in experiments.6,7 The struc-

tural changes in the CNT networks are reflected in a

substantial decrease of the intertube interaction en-

ergy and a relatively minor increase in the bending

energy of the system, as shown by the red curves in

Figure 2. The evolution of the structure slows down

with time, and the continuous network of CNT

bundles formed by the time of �8 ns appears to be

stable against the thermal fluctuations at room tem-

perature. This conclusion can be confirmed by the

visual similarity of the structures shown for 6 and

16 ns in Figure 1a as well as by the saturation of the

time dependencies of bending and intertube inter-

action energy densities in Figure 2.

The results of the simulations performed for films

of various thickness and density suggest that the obser-

vations described above for a 20 nm film with density

of 0.2 g cm�3 have relatively weak sensitivity to these pa-

rameters of the system. In particular, the CNT network

structures obtained in simulations performed for LT � 200

nm and film thicknesses of 100 and 200 nm are found to

Figure 2. Time dependence of (a) the intertube interaction energy
density UT�T/V (V is the total volume of the sample) and (b) the bend-
ing energy density Ubnd/V in the constant 300 K temperature part of
simulations performed for a 20 nm film composed of 200 nm long
(10,10) CNTs. The density of the film is 0.2 g cm�3. Results obtained
with and without bending buckling included in the mesoscopic force
field are shown by red and green curves, respectively. Snapshots
from the simulations are shown in Figure 1.
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be similar to the one shown in Figure 1a for a 20 nm

film. The process of CNT self-organization into networks

of bundles and structural stability of the networks are also

found to be qualitatively similar for films with densities

in the range from 0.05 to 0.4 g cm�3, although the struc-

tural characteristics of the networks, e.g., size distribution

of openings in the porous films and thickness of bundles,

are affected by the density.

The length of the CNTs, on the other hand, has a

stronger effect on the time scale of the evolution of

the network structures and their stability. For short

CNTs (LT � 120 nm) the network structures generated

at the first stage of the simulations are unstable and dis-

integrate into individual CNT bundles upon relaxation

at 300 K. The disintegration proceeds through the for-

mation of intermediate cellular structures composed of

Figure 3. Nanotube networks obtained in simulations performed for 20 nm films composed of (10,10) CNT of different
lengths: (a) 100, (b) 150, and (c) 400 nm. Snapshots from the simulations are shown for the same time of 10 ns (1 ns of con-
stant energy simulation followed by 9 ns of constant temperature simulation at 300 K). Mesoscopic force field used in the
simulations accounts for the bending buckling of the nanotubes. The density of all films is 0.2 g cm�3. Nanotubes are col-
ored by different (random) color in the left panels. Right panels show enlarged views of structural elements of CNT networks,
with nanotube segments colored according to the local radii of curvature. The red color in the right panels marks the seg-
ments adjacent to buckling kinks.
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CNT bundles weakly connected with each other, e.g.,
Figure 3a for LT � 100 nm. The CNTs in the individual
bundles tend to align their ends to further minimize
the intertube interaction energy. The network struc-
tures composed of longer CNTs remain stable, as shown
in Figure 1a for LT � 200 nm and in Figures 3b and 4c
for LT � 150 and 400 nm, respectively. The visual differ-
ence between the cellular and network structures ob-
tained in the simulations is reflected in quantitative pa-
rameters of the structures, such as the bending energy
density Ubnd/V, where Ubnd is the total bending energy
of all nanotubes in the sample, and V is the volume of
the sample. At a time of 10 ns after the beginning of the
simulations, Ubnd/V is equal to 0.001 eV nm�3 for LT �

100 nm, 0.0057 eV nm�3 for LT � 150 nm, 0.0048 eV
nm�3 for LT � 200 nm, and 0.0068 eV nm�3 for LT �

400 nm. The 5-fold raise in the bending energy upon
the increase of LT from 100 to 150 nm signifies the for-
mation of a stable continuous network of CNT bundles.

Detailed analysis of the structures of the CNT net-
works shows that many of the nanotubes that serve as
interconnections between the bundles are buckled.
This observation is consistent with the results of TEM
imaging28 of high aspect ratio CNTs, suggesting that
bending buckling is a common feature in systems of in-

teracting CNTs. Several examples of the buckling kinks
can be seen in enlarged views of typical interconnects
shown in Figure 3, where the CNT segments adjacent to
the buckling kinks are colored red. The total number
of buckling kinks in the network structures is relatively
small. For example, in the structure shown in Figure 1a
for 16 ps, the total number of kinks is equal to 814.
Many of the nanotubes that serve as interconnections
between the bundles have multiple kinks, whereas
�70% of the total number of CNTs in this network do
not have any buckling kinks. Despite the small number
of buckled nanotubes, the bending buckling is found to
play a major role in stabilization of the network struc-
tures. The connection between the stability of the CNT
networks and the bending buckling is 2-fold. First, the
transition from quadratic to linear dependence of the
bending strain energy on the bending angle (Figure 6b)
reduces the energy penalty for the presence of highly
bent CNTs at some of the interconnections between the
bundles. Second, and more importantly, the buckling
kinks play a role of “defects” that impede the relative
sliding of nanotubes and, therefore, make the intercon-
nections stable.

The critical role of bending buckling in stabilization
of CNT networks becomes apparent from the results of

Figure 4. Evolution of the nanotube networks in the course of simulations performed at a temperature of 300 K for a 20
nm film composed of (10,10) CNTs. The number of CNTs in the computational system is 2501, the length of each CNT is 1
�m, and the density of the film is 0.1 g cm�3. Bending buckling is accounted for in the simulation shown in (a) and is not taken
into account in the simulation shown in (b).
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simulations performed with a mesoscopic force field
that does not allow for buckling to occur, i.e., with the
bending energy Ubnd defined by eq 2 for any local radius
of curvature. The results of one of such simulations per-
formed for CNTs with LT � 200 nm are illustrated in Fig-
ure 1b. Snapshots from the simulation indicate that the
continuous network structure becomes unstable and
gradually disintegrates into a cellular structure com-
posed of individual bundles weakly connected with
each other. The decomposition of the continuous net-
work of bundles into the cellular structure is driven by
the energy minimization. In the absence of the buckling
kinks, CNTs that serve as interconnections between
bundles are free to slide and join one of the bundles.
As the nanotubes gradually slip into the bundles and si-
multaneously straighten, the energy of intertube inter-
actions and the bending strain energy are both decreas-
ing. Indeed, the energy plots, shown for this simulation
by green curves in Figure 2, exhibit a steady decrease
of both energy components that do not show any sign
of saturation by the end of the simulation. One can ex-
pect that the system evolves in the direction of indi-
vidual bundles of straight CNTs with minimum or no in-
terbundle interaction.

While the decomposition of the continuous net-
work of CNT bundles in the absence of bending buck-
ling slows down with increasing length of CNTs, it can-
not be avoided even for micrometer-long CNTs. This is
illustrated in Figure 4, where snapshots from two simu-
lations performed for CNTs with LT � 1000 nm are
shown. In the simulation performed with bending buck-
ling included in the mesoscopic force field, a stable net-
work structure is generated by the time of �5 ns, as evi-
denced by the similarity of snapshots shown for 6 and
16 ns in Figure 4a. Without bending buckling, however,
the network structure continues to coarsen, and the en-
ergy of the system continues to decrease for the whole
duration of the simulation, Figure 4b. Despite the
longer time of decomposition of the network structure
composed of longer CNTs, one can expect that, similar
to the systems of shorter CNTs, the final structure will
consist of individual bundles weakly interacting with
each other.

Thus, the results of the mesoscopic simulations sug-
gest that the formation of a stable continuous network
of CNT bundles is only possible when bending buckling
is included in the simulations and when the length of
the nanotubes exceeds a certain critical value, found in
this work to be �120 nm for (10,10) single-walled CNTs.
The existence of the critical length can be explained
by the unavoidable bending of nanotubes included into
a continuous network structure. In a stable CNT net-
work, the internal torque acting on an individual bent
and buckled CNT acts to straighten the CNT and has to
be counterbalanced by a torque originated from inter-
tube van der Waals interactions.29,30 The maximum
bending torque that can be supported by the van der

Waals intertube interactions decreases with decreasing

length of the nanotubes. Below a certain critical length,

the intertube interaction forces are not sufficiently

strong for counterbalancing the internal straightening

torques of the bent and buckled nanotubes, and the

network disintegrates into a cellular structure com-

posed of individual bundles, e.g., Figure 3a. The critical

length of CNTs for the formation of the continuous net-

work of bundles depends on both the bending stiff-

ness of the nanotubes and the parameters of the buck-

ling behavior. To illustrate the latter factor, several

additional simulations are performed with the critical

radius of curvature, Rcr, artificially increased from 27.5

to 41.25 nm, while keeping the bending force constant

Kbnd and the dimensionless parameter KbclRcr/Kbnd the

Figure 5. Probability density functions of local radius of CNT
curvature R (a) and angle � at the buckling kinks (b) in sev-
eral systems generated in mesoscopic simulations. The re-
sults are shown for 20 nm films composed of CNTs with
length LT equal to 100, 150, 200, 400, and 1000 nm. The den-
sity of the films is 0.1 g cm�3 for LT � 1000 nm and 0.2 g
cm�3 for all other LT. The analysis is performed for configura-
tions obtained by the time of 10 ns in the simulations. The
probability distribution functions are calculated for simula-
tions with bending buckling accounted for, except for one
function shown in (a) for the simulation illustrated in Figure
1b. The inset in (a) shows an enlarged view of the functions
at small R. The vertical dashed line in the inset marks the
value of the critical curvature Rcr for the onset of bending
buckling. In (b), � � 0 corresponds to the onset of buckling,
when the local radius of curvature of a nanotube is equal
to Rcr.
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same, as in the simulations discussed above. The ear-

lier onset of buckling reduces the bending energy of

CNTs and facilitates the formation of stable network

structures. In particular, a stable continuous network of

bundles was observed in this case in a simulation per-

formed for LT � 100 nm.

The degree of bending deformation of nanotubes

included in the network structures can be quantita-

tively characterized by the probability density function

of the local radius of curvature R, f(R). This function is

defined so that L�f(R)dR is equal to the part of the total

length L� of CNTs in the sample where the local radius

of curvature is between R and R � dR. The results of the

calculation of f(R) for several systems are shown in Fig-

ure 5a. The distributions calculated for the continuous

network structures have the most probable radii of cur-

vature in the range from 50 to 100 nm. The distribu-

tions are sharper for films composed of longer nano-

tubes, with both the most probable and mean radii of

curvature decreasing with an increase in CNT length.

This observation is consistent with the above discus-

sion of the role of the van der Waals intertube interac-

tions in counterbalancing the internal forces associated

with bending strain of the CNTs. The longer the parts

of the CNTs that are incorporated into the bundles, the

larger is the bending deformation that can be main-

tained in the network structure. The probability den-

sity functions are also calculated for two systems where

the network structures have decomposed into the cel-

lular structures consisting of visually straight bundles, a

system with LT � 100 nm and a system with LT �

200 nm with no buckling allowed. In these cases, the

most probable radius of curvature increases to �260

nm, and the distributions reveal a large fraction of CNT

segments with local radii of curvature that are much

larger than the length of the CNTs. This high radius of

curvature tail of the distributions is growing with time

and reflects the increase in the total length of well-

aligned (almost parallel) parts of the CNTs in the visu-

ally straight CNT bundles (Figures 1b and 3a).

The distribution of angle � at the buckling kinks
shown in Figure 5b indicates that, despite the transi-
tion from quadratic to linear dependence of the bend-
ing strain energy on the bending angle upon buckling,
most of the kinks are characterized by � � 20°, suggest-
ing a relatively moderate effect of buckling on the over-
all shapes of the CNTs, e.g., Figure 3b and 3c. In the
simulation where the network of short CNTs decom-
poses into a cellular structure, however, a substantial
number of buckling kinks with large angles (� 	 20°),
Figure 6, appears in the remaining CNTs connecting the
bundles, e.g., Figure 3a.

CONCLUSIONS
The mesoscopic simulations of systems com-

posed of a large number of interacting CNTs pre-
dict spontaneous self-assembly of CNTs into con-
tinuous networks of bundles with partial hexagonal
ordering of CNTs within the bundles. Detailed analy-
sis of the computational results reveals the domi-
nant role of the bending buckling in the generation
and stabilization of the network structures. The
buckling not only reduces the bending energy of
curved CNTs that make up the interconnections be-
tween the bundles but also stabilizes the intercon-
nections by creating effective barriers for CNT slid-
ing. For (10,10) single-walled CNTs, the formation of
stable continuous networks of bundles is observed
in all simulations performed for CNTs that are longer
than �120 nm. If, however, the buckling behavior
is not included in the model, the continuous net-
works of bundles disintegrate into cellular structures
consisting of individual bundles weakly connected
with each other. There are a number of additional
factors that may contribute to the stabilization of the
network structures in real materials composed of
CNTs with various structural defects. The genera-
tion of covalent bonds between CNTs,13,31 the static
friction between CNTs associated with structural de-
fects and/or presence of amorphous carbon,32,33 as
well as the presence of intrinsic kinks in as-grown

Figure 6. Schematic representation of the description of bending buckling in the mesoscopic model (a) and the depen-
dence of the bending energy Ubnd on the bending angle � in a uniformly bent CNT with a single buckling point appearing
in the middle (point B in the inset) when the critical radius of curvature, Rcr, is reached (b). Bending energy in (b) is calcu-
lated with eq 2 for � � �cr and is obtained by minimization of the strain energy associated with bending and buckling, Ubnd

� Kbcl�n � Kbnd�2/(2LT), for � 	 �cr. Values of the bending energy in (b) are scaled by U* � Kbnd/LT.
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CNTs34 could serve as additional barriers for decom-
position and coarsening of the network structures.
The simulations reported in this paper, however,

suggest that the formation of the buckling kinks
alone is capable of stabilizing the continuous net-
works composed of perfect defect-free CNTs.

COMPUTATIONAL METHOD
Mesoscopic Dynamic Model for CNT Materials. The continuous net-

work structures of CNT bundles are generated in simulations per-
formed with a mesoscopic dynamic model that represents indi-
vidual CNTs as chains of stretchable cylindrical segments.19 The
CNTs are defined by positions of nodes jointing the neighboring
segments, and the dynamics of a system of interacting CNTs is
described by solving the equations of motion of classical me-
chanics for the positions of all nodes. The forces acting on the
nodes are calculated based on the mesoscopic force field that ac-
counts for stretching and bending deformations of individual
CNTs19 as well as for the van der Waals interactions among the
CNTs.20 The potential energy of the system can be written as

where Ustr and Ubnd correspond to the strain energy associated
with stretching and bending of individual CNTs, UT�T is the en-
ergy of intertube interactions, and UE is the energy of interaction
between nanotubes and external bodies. The latter term is used
in this work to confine CNT films between two planes and to en-
sure constant density conditions in the dynamic simulations. A
description of forces related to intertube friction is not included
in the mesoscopic force field as these forces are too weak to pre-
vent room-temperature rearrangements of defect-free CNTs.32,33

In particular, the values of static friction forces recently measured
for pairs of annealed nearly perfect CNTs are found to be inde-
pendent of the overlap area and are consistent with theoretical
estimations of forces related to van der Waals intertube interac-
tions.34 These forces, originating from the changes in the inter-
tube interaction area, are naturally accounted for in the mesos-
copic model.

The harmonic parts of the stretching and bending poten-
tials, Ustr and Ubnd, are parametrized for single-walled CNTs in
ref 19 based on the results of atomistic simulations performed
with the reactive empirical bond-order (REBO) potential.35,36 The
transition to the anharmonic regime (nonlinear stress�strain de-
pendence) and a description of fracture of CNTs under tension
are included in Ustr but do not play a role under conditions of the
simulations performed in this study. The axial buckling of CNTs
under uniaxial compression is not accounted for in the current
version of the model since the compressive strains in the simula-
tions are far below the critical axial buckling strain of �5% for
(10,10) CNTs.37 The bending buckling, on the other hand, is
found to play a critical role in stabilization of the continuous net-
work structures of CNT bundles, and the description of the bend-
ing buckling in the mesoscopic model is provided below. The in-
tertube interaction term UT�T is calculated based on the tubular
potential method20,21 that allows for a computationally efficient
and accurate representation of van der Waals interactions be-
tween CNT segments of arbitrary lengths and orientation. The tu-
bular potential is parametrized based on an interatomic poten-
tial for nonbonded interactions between carbon atoms adopted
from the adaptive intermolecular REBO (AIREBO) potential38

and is found to reproduce the predictions of the atomistic repre-
sentation of the intertube interactions (summation over pairs of
interacting atoms) with high accuracy at a tiny fraction of the
computational cost.20

Mesoscopic Description of Bending Buckling. The mesoscopic de-
scription of bending buckling is based on the results of
atomistic39�45 and continuum42,44,45 simulations that consis-
tently predict a quadratic dependence of the strain energy of a
bent nanotube on the bending angle 
 in the prebuckling state
and an approximately linear dependence on 
 in the postbuck-
ling state. In the prebuckling state, the bending energy term for
a single nanotube can be written as

where R is the local radius of curvature of the elastic line of the
nanotube, Kbnd is the bending force constant, and the integration
is performed along the length l of the elastic line (Figure 6a).
For a uniformly bent nanotube of length LT, the bending angle

 is related to the radius of curvature R as 
 � LT/R, and eq 2 re-
duces to Ubnd � Kbnd
2/(2LT), i.e., the model corresponds to the
harmonic potential with respect to the bending angle.

For the bending energy of a buckled nanotube, the predic-
tions of atomistic simulations can be well reproduced by the fol-
lowing formulation of the bending energy term:

where Kbcl�n is the term representing the energy of the buck-
ling kink in the mesoscopic model, and � is the angle between
two tangents to the elastic line at the point of kink (point B in Fig-
ure 6a). The transition from eqs 2 to 3 in the description of the
bending energy takes place when the local radius of curvature
R drops down to the critical curvature for the onset of buckling,
Rcr, e.g., when RB � Rcr in Figure 6a. To ensure that Ubnd is approxi-
mately proportional to 
 in the postbuckling state,39�41,43�45 the
value of n is set to unity. The remaining parameters of the bend-
ing energy term depend on the radius and chirality of CNTs
and can be chosen based on the results of atomistic simula-
tions performed for uniformly bent CNTs with a single buckling
kink, as shown in Figure 6b. For (10,10) single-walled CNTs, Kbnd

� 1.9 � 104 eV Å is chosen to match the results of the simula-
tions performed with the REBO potential,19 Rcr � 27.5 nm is se-
lected to be within the range from 23.5 to 31.3 nm predicted in
refs 42, 43, and 45, and Kbcl is obtained from the approximate
equation KbclRcr/Kbnd � 0.7 that brings the ratio of slopes dUbnd/d

in the pre- and postbuckling states at R � Rcr into a good quan-
titative agreement with the results of atomistic simulations per-
formed for various single-walled CNTs.39�41,43�45
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